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High-order ﬂexural theories for short laminated composite beams subjected to mechanical
and thermal loading are presented. The formulation allows for warping of the cross-section
of the beam and eliminates the need for using arbitrary shear correction coeﬃcients as in
other theories. Based on higher-order shear deformation theories, the governing equations
are obtained using the principle of virtual work (PVW). The justiﬁcation for use of higher-
order shear deformation theories is established for short and composite beams where
cross-sectional warping is predominant.
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1. Introduction
The use of composite materials has increased steadily during the past two decades, particularly in aerospace, underwater,
and automotive structures. This increasing importance has resulted in the need for more information on their behaviour.
Studies involving the thermo-mechanical behaviour of such structures have received greater attention for many decades
(see, for example, Boley and Weiner [1] and Nowacki [2]).
Interlaminar shear is an important phenomenon in many problems of composite beams and plates under bending in-
duced by thermo-mechanical loading. This is mainly due to the relatively low value of both the transverse shear modulus
and strength compared with the corresponding longitudinal values measured along the ﬁbers. Explicit in the Euler–Bernoulli
beam theory is the complete absence of transverse shear deformations. This assumption is tenable for thin and/or isotropic
beams but is rendered invalid for thick and/or layered composite beams. In layered composites, interlaminar shear stresses
govern the failure due to delamination which makes their accurate determination quite mandatory.
Timoshenko [3] extended the Euler–Bernoulli beam theory by incorporating the transverse shear effect. The resulting
uniform shear distribution necessitated the use of an arbitrary correction coeﬃcient to correct the shear strain energy.
Cowper [4] and Murthy [5] suggested coeﬃcients which varied with cross-sectional shape but the results showed large
deviations from elasticity solutions for composite beams. Levinson and co-workers [6–9] developed a second-order beam
theory with two coeﬃcients and a fourth-order beam theory which required two boundary conditions at each end. Although
these theories took care of cross-sectional warping and transverse shear deformations the two-dimensional displacement
pattern was poorly represented.
Higher-order theories including a warping of the cross-section have then been proposed. These theories are more real-
istic, since they verify zero transverse shear stress conditions on the top and bottom boundaries of the structure, contrary
to the Timoshenko theory. In such higher-order theories, displacement along the axes of structures is usually assumed to
be cubic, giving rise to a warping of the cross-section as well as to parabolic shear strain and stress distributions across the
thickness.
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Tauchert [10] has compiled a comprehensive survey of recent developments in the area of thermal environments. Static
problems associated with the linear thermo-elastic analysis of laminated plates have been studied extensively [11–14].
Pell [11], who derived the equations governing the transverse deﬂection of a thin plate, ﬁrst studied the problem of thermal
bending of anisotropic plates. Generalization of this work to heterogeneous plates subjected to arbitrary three-dimensional
temperature distribution is due to Stavsky [12]. Recent studies in the thermo-elastic analysis of plates that are laminates of
ﬁber-reinforced materials indicate that the shear deformation effect on the behaviour of the plate is more pronounced than
isotropic plates (see, for example, Wu and Tauchert [13,14]).
In this paper, a uniﬁed shear deformable beam theory has been developed to study the static response of laminated
beams subjected to thermo-mechanical loads. The bending responses under uniform distributed load and uniform temper-
ature rises across the thickness direction are analyzed, in detail. The present closed-form solutions take into consideration
both a warping of the cross-section far away from the center, and a locking of this warping at the center of the beam.
The equilibrium equations and the boundary conditions are obtained using a variational approach where three variables are
used: the deﬂection, the rotation of cross-sections and its warping modelled through a warping function.
2. Analysis
Consider a straight uniform composite beam of constant thickness of h with cross-section dimensions L and b, as shown
in Fig. 1. The beam is assumed to be constructed of linearly elastic orthotropic layers. Therefore, the state of stress in kth
layer accounting for transverse shear deformation and thermal effects is given by the generalized Hooke’s law as follows:
σ
(k)
x = Q (k)11
(
εx − α(k)x T
)
, τ
(k)
xz = Q (k)55 γxz, (1)
where Q (k)i j are well-known reduced stiffnesses [15], k is the layer number, T = T1 is the uniform temperature distribution
and α(k)x is the thermal expansion coeﬃcient in the beam coordinate, and is related to the coeﬃcients (αL,αT ) in the ma-
terial principal directions. Assuming that the deformations of the beam are in the x–z plane and denoting the displacement
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assumed on the basis of the general higher-order theory:
u(x, z) = u0(x) − zw0,x(x) + Φ(z)γ 0xz(x),
v(x, z) = 0,
w(x, z) = w0(x), (2)
where u0(x) and w0(x) represent middle surface displacement components along the x and z directions and γ 0xz(x) is the
transverse shear strain measured on the mean-line (Eq. (3)):
γ 0xz(x) = w0,x(x) − φ0(x), (3)
where φ0(x) is the total section rotation measured on the mean-line. Displacement components were chosen as functions
of x only in Eq. (2). Therefore, the deformation in the y direction is neglected in this approach. The shape function Φ(z) is
to be speciﬁed a posteriori (Soldatos and Timarci [16]). It may be chosen such that:
Φ ′(z)|z=±h/2 = 0 (4a)
or/and
+h/2∫
−h/2
Φ(z)dz = 0, (4b)
where the prime (′) denotes differentiation with respect to z. It becomes therefore clear that, through its derivative, the a
posteriori speciﬁed function Φ(z) will determine the through-the-thickness trial distribution of the transverse shear strain.
Within the framework of small perturbations, the linear Green–Lagrange strain tensor is written as:
εx(x, z) = u0,x(x) − zw0,xx(x) + Φ(z)γ 0xz,x(x),
γxz(x) = Φ,zγ 0xz(x). (5)
2.1. Equilibrium equations and boundary conditions
A very systematic and safe way to establish governing and boundary equations of a model is to use the Principle of
Virtual Work (PVW). Let us consider the general case of a medium D submitted to external loadings f V and f S , respectively,
body forces acting on D and surface forces acting on its external surface ∂D f . Then, the static equilibrium is achieved
provided the sum of the internal (δW int) and the external (δWext) virtual work developed in any virtual displacement
ﬁeld δU is null (Eq. (6)). Let this virtual ﬁeld be the actual displacement ﬁeld variation (Eq. (9)), then kinematic boundary
conditions are veriﬁed and prescribed displacements cancel. Such a displacement ﬁeld is said to be Kinematically Admissible
and henceforth noted K.A.
δWext(δU ) + δW int(δU ) = 0, ∀δU K.A., (6)
with
δW int(δu) = −
∫
D
σ : δεdV , (7)
δWext(δU ) =
∫
D
f V δU dV +
∫
∂D f
f SδU dS, (8)
where δε is the virtual strain tensor deﬁned in Eq. (10) associated with δU .
2.1.1. Virtual ﬁelds
From its deﬁnition (Eq. (2)) and feeding in the shear strain (Eq. (3)), the virtual displacement ﬁeld δU writes in the basis
(x, y, z):
δu = δu0(x) − zδw0,x + Φ(z)
[
δw0,x(x) − δφ0(x)
]
,
δw = δw0(x). (9)
Similarly, the virtual strain components are:
δεx = δu0,x(x) − zδw0,xx(x) + Φ(z)
[
δw0,xx(x) − δφ0,x(x)
]
,
δγxz(x) = Φ,zδγ 0xz(x) = Φ,z(z)
[
δw0,x(x) − δφ0(x)
]
. (10)
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2.1.2. Internal and external virtual work
Within the framework of classical beam theories, loads prescribed on the beam can be of different types as recalled in
Fig. 2: distributed loads, concentrated forces and moments. Assuming that the external loads are applied at x = l, the virtual
work done on the beam of length l is
δWext(δU , δφ) =
l∫
0
qδw0 dx+ F3(l)δw0(l) + F1(l)δu(l) + M2(l)δφ0(l). (11)
Feeding the deﬁnition of stresses (Eq. (1)) and virtual strain components (Eq. (10)) into Eq. (7) leads to the internal
virtual work:
δW int(δU , δφ) = −
l∫
0
[∫
S
σx
(
δu0,x(x) − zδw0,xx(x) + Φ(z)δγ 0xz,x(x)
)
dS +
∫
S
τxzΦ,z(z)δγ
0
xz(x)dS
]
dx
= −
∫ [
N(x)δu0,x + M(x)δw0,xx(x) + B(x)δγ 0xz,x(x) + H(x)δγ 0xz(x)
]
dx. (12)
N(x) and M(x) are the usual normal effort and bending moment, respectively:
N(x) =
∫
S
σx dS =
∫
S
(
Q 11u
0
,x(x) − Q 11zw0,xx(x) + Q 11Φ(z)γ 0xz,x(x) − Q 11αxT
)
dS
= bA11u0,x(x) − bB11w0,xx(x) + bBa11γ 0xz,x(x) − bAT , (13)
M(x) = −
∫
S
zσx dS = −
∫
S
z
(
Q 11u
0
,x(x) − Q 11zw0,xx(x) + Q 11Φ(z)γ 0xz,x(x) − Q 11αxT
)
dS
= −bB11u0,x(x) + bD11w0,xx(x) − bDa11γ 0xz,x(x) + bBT . (14)
Extra resultants B(x) (Eq. (15)) and H(x) (Eq. (16)) are the non-usual terms induced by Φ(z) in the displacement ﬁeld.
B(x) is of the dimension of a moment and H(x) of the dimension of a force
B(x) =
∫
S
Φ(z)σx dS =
∫
S
Φ(z)
(
Q 11u
0
,x(x) − Q 11zw0,xx(x) + Q 11Φ(z)γ 0xz,x(x) − Q 11αxT
)
dS
= bBa11u0,x(x) − bDa11w0,xx(x) + bFa11γ 0xz,x(x) − bDT , (15)
H(x) =
∫
S
Φ,z(z)τxz(x)dS =
∫
S
Φ2,z(z)Q 55γ
0
xz(x)dS = bAa55γ 0xz(x). (16)
The laminate stiffness coeﬃcients A11 and B11, etc., are deﬁned in terms of the reduced coeﬃcients Q k11 and Q
k
55 for
the layers k = 1,2, . . . ,N:
{A11, B11, D11} =
N∑
k=1
zk+1∫
zk
Q (k)11
{
1, z, z2
}
dz, (17a)
{
Ba11, D
a
11, F
a
11
}= N∑
k=1
zk+1∫
zk
Q (k)11 Φ(z)
{
1, z,Φ(z)
}
dz, (17b)
Aa55 =
N∑
k=1
zk+1∫
Q (k)55Φ
2
,z(z)dz, (17c)zk
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{AT , BT , DT } =
N∑
k=1
zk+1∫
zk
Q (k)11 α
(k)
x T
{
1, z,Φ(z)
}
dz. (17d)
Note that, zk represents the distance from the mid-plane to the lower surface of the kth layer.
2.1.3. Governing equations
Governing equations of the present problem can be established by using expressions of the internal (Eq. (12)) and exter-
nal (Eq. (11)) virtual work. The equilibrium expression can be rearranged, and once integrated by parts, can be expressed
as:
−
l∫
0
(−N,xδu0 + (((M + B),x − H),x − q)δw0 + (B,x − H)δφ0)dx+ [−Nδu0 + ((M + B),x − H)δw0
− (M + B)δw0,x + Bδφ0
]l
0 + F3(l)δw0(l) + F1(l)δu0(l) + M2(l)δφ0(l) = 0, ∀
(
δu0, δw0, δφ0
)
K.A. (18)
This equation holds for any virtual ﬁeld K.A. deﬁned by δu0, δw0 and δφ0.
Consequently, the governing equations are easily derived
N,x = 0,
−((M + B),x − H),x + q = 0,
B,x − H = 0. (19)
On the boundaries of the beam, i.e. at x = 0 and x = l, restriction can be set either on displacements or forces. Essential
(Neumann) and natural (Dirichlet) boundary conditions then write, for instance at x = l where concentrated loads are
applied
δu0 = 0 or −N + F1 = 0,
δφ0 = 0 or B + M2 = 0,
δw0,x = 0 or M + B = 0,
δw0 = 0 or (M + B),x − H + F3 = 0. (20)
Complete formulation of a displacement ﬁeld accounting for section warping is set. Its relevance is shown below.
3. Bending of heated laminated beams
The determination of transverse deﬂections and strains (or stresses) is of fundamental importance in the design of
many structural components. In this case, as sketched in Fig. 3, only a half of the beam is considered for the sake of
symmetry, then the present problem is equivalent to the one used above simply by substituting l for L/2 (see Fig. 2). An
exact closed-form solution to Eq. (19) along with the boundary conditions in Eq. (20) can be constructed when the beam is
of a rectangular geometry (Fig. 1) with the following edge conditions.
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At x = 0, the displacement is prevented along z. At x = L/2 the section rotation is zero due to symmetry:
w0(0) = 0, w0,x(L/2) = 0, φ0(L/2) = 0. (21)
Complementary natural conditions are derived from Eq. (20):
M,x(L/2) + B,x(L/2) − H(L/2) = 0,
B(0) + M(0) = 0,
B(0) = 0. (22)
3.2. Equation of equilibrium
3.2.1. Equilibrium in terms of displacement
The problem is completely deﬁned with the boundary conditions in Eqs. (21) and (22) and with the equilibrium equations
in Eq. (19). In order to be solved as a differential equation, it is rewritten as a function of the displacement ﬁeld sought.
Introducing deﬁnitions previously established for generalized forces and moments (Eqs. (13)–(16)), the system built up with
the equations in Eq. (19) becomes
A11u
0
,xx(x) − B11w0,xxx(x) + Ba11γ 0xz,xx(x) = 0,(
B11 − Ba11
)
u0,xxx(x) +
(
Da11 − D11
)
w0,xxxx(x) +
(
Da11 − Fa11
)
γ 0xz,xxx + Aa55γ 0xz,x(x) + q = 0,
Ba11u
0
,xx(x) − Da11w0,xxx(x) + Fa11γ 0xz,xx(x) − Aa55γ 0xz(x) = 0. (23)
Integration of the second equation of system (23) leads to the following system:
A11u
0
,xx(x) − B11w0,xxx(x) + Ba11γ 0xz,xx(x) = 0,(
B11 − Ba11
)
u0,xx(x) +
(
Da11 − D11
)
w0,xxx(x) +
(
Da11 − Fa11
)
γ 0xz,xx + Aa55γ 0xz(x) + qx = K1,
Ba11u
0
,xx(x) − Da11w0,xxx(x) + Fa11γ 0xz,xx(x) = Aa55γ 0xz(x), (24)
where K1 is an integration constant. Through a simple combination of the above equations, one obtains a differential
equation where γ 0xz is unknown:
γ 0xz,xx(x) −
C1C4
C3
γ 0xz(x) =
C2
C3
(K1 − qx), (25)
where
C1 = A11D11 − B211, (26a)
C2 = A11Da11 − B11Ba11, (26b)
C3 = A11Fa11D11 − A11
(
Da11
)2 − D11(Ba11)2 + 2B11Da11Ba11 − Fa11B211, (26c)
C4 = Aa55. (26d)
3.2.2. Solution of the differential equation
The differential equation (Eq. (25)) can be rewritten as follows:
γ 0xz,xx(x) −ω2Φγ 0xz(x) =
C2
C3
(K1 − qx), (27)
with ωΦ is a scalar that depends on Φ(z):
ωΦ =
√
C1C4
C3
. (28)
The parameter ωΦ is a constant which characterizes the decay length of the higher-order effect caused by a warping
restraint or shear gradient.
Then the solution of the differential equation of Eq. (25) is written as:
γ 0xz(x) =
C2
(K1 − qx) + α sinh(ωΦx) + β cosh(ωΦx), (29)
C1C4
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displacement ﬁeld must be expressed vs. the above form of the shear strain such that boundary conditions (Eqs. (21)
and (22)) can be used to solve the problem. The third derivative of w is obtained by introducing the solution (Eq. (29)) in
the equilibrium equations written in terms of displacements (Eq. (24)). It is then integrated to obtain w . The section rotation
φ0(x) is ﬁnally obtained by using the relationship between the shear strain and section rotations of Eq. (3). Eventually, the
solution is as follows:
w0(x) = C2
C1
1
ωΦ
[
α cosh(ωΦx) + β sinh(ωΦx)
]+ A11
C1
x4
24
q − K1A11
C1
x3
6
+ K2 x
2
2
+ K3x+ K4, (30)
φ0(x) = −
(
1− C2
C1
)[
α sinh(ωΦx) + β cosh(ωΦx)
]+ A11
C1
x3
6
q − K1A11
C1
x2
2
+ K2x+ K3 − C2
C1C4
(K1 − qx), (31)
where K2, K3, K4, are the three additional constants to be determined. The six constants α, β and K1−4 are obtained from
the boundary conditions written both in terms of displacements (Eq. (22)). They lead to the following six expressions:
K1 = qL
2
, K2 = − D
a
11
D11 − B11
C2
C1C4
q − BT
D11 − B11 , K3 =
[
A11
C1
L3
24
+ D
a
11
2(D11 − B11)
C2L
C1C4
]
q + BT
2(D11 − B11) L,
K4 = C5C2
C1C4
− C6C
2
2
C21C
2
4
q, α = ωΦ
[
C2C6
C1C24
q − C5
C4
]
, β = −C2C6q
C1C24
ωΦ tanh
(
ωΦ
2
L
)
+ C5
C4
ωΦ tanh
(
ωΦ
2
L
)
, (32)
with
C5 =
(
(Da11 − Ba11)BT
D11 − B11 − DT
)
and C6 =
[
Fa11 −
(Da11 − Ba11)Da11
D11 − B11
]
. (33)
4. The shape function Φ(z)
Classical beam and plate theory underestimates deﬂections and overestimates natural frequencies and buckling loads.
These results are due to the neglecting of transverse shear strains. The errors in deﬂections, stresses, natural frequencies
and buckling loads are large for structures made of advanced composites whose elastic modulus to shear modulus ratios
are very large. These high ratios render classical beam and plate theories inadequate for the analysis of composite plates.
An adequate theory must account for transverse shear strains.
In Timoshenko and Reissner–Mindlin type-theories, the displacement ﬁeld account for linear higher-order variations of
mid-plane displacement through thickness (see [3,17–20]). In higher-order theories, an additional dependent unknown is
introduced into the theory with each additional power of the thickness coordinate. In addition, these shear deformation
theories do not satisfy the conditions of zero transverse shear stresses on the top and bottom surfaces of the plate, and re-
quire a shear correction to the transverse shear stiffnesses. The three-dimensional theories of laminates, in which each layer
is treated as homogeneous anisotropic medium (see Green and Naghdi [21] and Pagano and Soni [22]), are intractable as the
number of layers becomes moderately large. Thus, a simple two-dimensional theory of plates that accurately describes the
global behaviour of laminated plates seems to be a compromise between accuracy and ease of analysis (see Levinson [23],
Murthy [24], and Reddy [25]).
Most of the solutions shown were based on choices of the shape function Φ(z) that are consistent with the so-called
higher-order shear deformation beam/plate theory (HBT). For comparison purposes, however, three more choices of the
shape functions are also used. These are consistent with so-called Timoshenko beam theory, parabolic shear deformation
beam theory of Reddy [25] (PSDBT), and exponential shear deformation beam theory of Karama et al. [26] (ESDBT). In some
cases, which involve zero shape function, the classical laminated beam theory (or Euler–Bernoulli beam theory) has also
been used for comparison purposes. In more detail, the shape function employed for each theory is as follows:
Euler–Bernoulli
Φ(z) = 0, (34a)
Timoshenko
Φ(z) = z, (34b)
PSDBT
Φ(z) = z(1− 4z2/3h2), (34c)
ESDBT
Φ(z) = z exp[−2(z/h)2]. (34d)
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In Timoshenko beam theory, the in-plane displacements are expanded up to the ﬁrst term in the thickness coordinate,
and the relations of normals to the mid-surface are assumed independent of the transverse deﬂection. Note that the condi-
tion in (4a) is not satisﬁed and then Timoshenko beam theory yields a constant value of transverse shearing strain through
the thickness of the beam, and thus requires shear correction factors in order to ensure the proper amount of transverse
energy. The actual value of shear correction coeﬃcients is k = 5/6.
The PSDBT accounts not only for transverse shear strains, but also for a parabolic variation of the transverse shear strains
through thickness. The forms of the assumed displacement functions for both PSDBT and ESDBT are simpliﬁed by enforcing
traction-free boundary conditions at the top and bottom surfaces of the beam. No shear correction factors are needed in
computing the shear stresses for both theories, because a correct representation of the transverse shearing strain is given.
For the ESDBT as well as for the PSDBT both the conditions given in (4) must be satisﬁed. Timoshenko beam theory,
ESDBT, and PSDBT contain the same number of dependent variables. The variational consistency of both ESDBT and PSDBT
involve additional higher-order stress resultants and material stiffness coeﬃcients compared to Timoshenko beam theory.
The classical theory of thin laminated beams (Euler–Bernoulli beam theory) assumes that straight lines normal to the
mid-surface before deformation remain straight and normal to the mid-surface after deformation, implying that transverse
normal and shearing effects are negligible.
5. Numerical results and discussions
The material properties considered for the example problems are as follows: E11 = 140 GPa, E22 = 10 GPa, G12 = G23 =
5 GPa and ν12 = 0.28.
The length of the beam has been taken as L = 20. The uniform distributed load q = 250 kN/m will be considered and
uniform temperature distribution is T = T1.
For higher-order theories (Eqs. (34c) and (34d)), it appears that the function Φ(z) which is initially introduced to verify
stress-free conditions on the top and bottom surfaces of the beam leads to further dependence of the deﬂection upon the
coordinate x. This non-linear dependence tends to smoothen the slope of the deﬂection shape when compared to Euler–
Bernoulli’s theory (Fig. 4). It can be noticed that deﬂections obtained for higher-order theory formulations are very close.
This is due simply to the form of function Φ(z) which in the case of a cubic warping function (PSDBT) corresponds to a
development in series up to the order 3 of function exp(z) (ESDBT). In Figs. 5 and 6, we present also the deﬂection vs. the
coordinate x for L/h = 10 and 20. It can be seen that for high ratio of L/h, the used theories tend to give the same results.
In Fig. 7 where the corresponding displacement u(x, z) is represented, the effect of section warping clearly appears.
Higher-order theories lead to a proﬁle which is made up of a cubic distribution superposed onto the classical linear dis-
tribution of Euler–Bernoulli (identical to Timoshenko’s in Fig. 7) through the thickness of the beam. Consequently, the
contribution of higher-order stretching Φ(z) is seen to be quite considerable. However, in Figs. 8 and 9 the warping is not
very signiﬁcant because of the high ratio L/h = 10 and 20, respectively.
In Fig. 10, the transverse shear strain across the beam thickness is presented. It is no surprise that for Timoshenko’s
theory, the shear strain is constant through the beam thickness all over the span. Conversely, the PSDBT and ESDBT the-
ories lead to parabolic distributions of strain across the thickness which satisﬁes stress-free conditions on both skins. The
amplitude of this distribution vanishes at x = L/2 (Fig. 11).
A triple layer, symmetric beam with lay-up sequence 0/90/0 also shows considerable warping as is seen from Fig. 12.
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Fig. 6. Deﬂected shape vs. x for E11/G13 = 40, L/h = 20, q = 250 kN/m and T1 = 100 ◦C. (Unidirectional composite beam.)
Fig. 7. Proﬁle of displacement u(x, z) at x = L/4 for E11/G13 = 40, L/h = 5, q = 250 kN/m and T1 = 100 ◦C. (Unidirectional composite beam.)
I. Mechab et al. / J. Math. Anal. Appl. 346 (2008) 468–479 477Fig. 8. Proﬁle of displacement u(x, z) at x = L/4 for E11/G13 = 40, L/h = 10, q = 250 kN/m and T1 = 100 ◦C. (Unidirectional composite beam.)
Fig. 9. Proﬁle of displacement u(x, z) at x = L/4 for E11/G13 = 40, L/h = 20, q = 250 kN/m and T1 = 100 ◦C. (Unidirectional composite beam.)
Fig. 10. Transverse shear strain across the beam thickness at x = L/4 for E11/G13 = 40, L/h = 5, q = 250 kN/m and T1 = 100 ◦C. (Unidirectional composite
beam.)
478 I. Mechab et al. / J. Math. Anal. Appl. 346 (2008) 468–479Fig. 11. Transverse shear strain on the mean-line for E11/G13 = 40, L/h = 5, q = 250 kN/m and T1 = 100 ◦C. (Unidirectional composite beam.)
Fig. 12. Triple-layer beam (w0 vs. beam length) (E11/G13 = 40, L/h = 5, q = 250 kN/m and T1 = 100 ◦C).
6. Conclusion
The reﬁned theories used give a higher value of deﬂection when compared to the classical theory because of the contri-
bution from shear deformation. Warping occurring as a result of anisotropy of construction or temperature gradient loading
can be obtained by the used higher theories. Thus, through the present study we demonstrated the ability of higher-order
theories to enhance predictions provided by classical beam theories.
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